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Abstract. Tracking strategies for mobile users in wireless networks are studied. In order to save the cost of using the wireless
links mobile users should not update their location whenever they cross boundaries of adjacent cells. This paper focuses on three
natural strategies in which the mobile users make the decisions when and where to update: the time-based strategy, the number
of movements-based strategy, and the distance-based strategy. We consider both memoryless movement patterns and movements
with Markovian memory along a topology of cells arranged as a ring. We analyze the performance of each one of the three strate-
gies under such movements, and show the performance differences between the strategies.

1. Introduction

Future wireless networks will provide ubiquitous
communication services to a large number of mobile
users. The design of such networks is based on a cellular
architecture [6-9] that allows efficient use of the limited
available spectrum. The cellular architecture consists
of a backbone network with fixed base stations intercon-
nected through a fixed network (usually wired), and of
mobile units that communicate with the base stations
via wireless links. The geographic area within which
mobile units can communicate with a particular base
station is referred to as a cell. Neighboring cells overlap
with each other, thus ensuring continuity of communi-
cations when the users move from one cell to another.
The mobile units communicate with each other, as well
as with other networks, through the base stations and
the backbone network.

One of the important issues in cellular networks is
the design and analysis of strategies for tracking the
mobile users. In these networks, whenever there is a
need to establish communication with any particular
user, the network has first to find out which base station
can communicate with that user. This is due to the fact
that the users are mobile and could be anywhere within
the area covered by the network. This issue was consid-
ered in[1,6,2].

In [1] and [6] efficient data structures for manipulat-
ing the information regarding the locations of the
mobile users were investigated. In these works, it is
assumed that this information is sent by the mobile
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users to the backbone network whenever the users move
from cell to cell. The focus in these studies is on the
trade-off between updating and retrieving information
from directories in the backbone network. Thus, the
issue considered in these works is the cost of utilizing
the wired links of the backbone network for manage-
ment of directories.

Another important issue is the cost of utilizing the
wireless links for the actual tracking of mobile users. To
illustrate this issue consider the simple tracking strate-
gies known as the Always-Update, in which each mobile
user transmits an update message whenever it moves
into a new cell, and the Never-Update, in which the
users never send update messages regarding their loca-
tion. Clearly, under the former strategy the overhead
due to transmissions of update messages is very high,
especially in networks with small cells and a large num-
ber of highly mobile users, but the overhead for finding
users is zero since the current location of each user is
always known. With the latter strategy there is no over-
head for updating but whenever there is a need to find a
particular user, a network-wide search is required, and
this overhead is very high.

These two simple strategies demonstrate the basic
trade-off that is inherent to the problem. Thus, there are
two basic operations that are elemental to tracking
mobile users — update and find (or search/locate).
Associated with each one of these operations there is a
certain cost. For instance, frequent updates cause high
power consumption at the mobile units and load the
wireless network. Network-wide searches load both the
backbone and the wireless networks. As demonstrated
by the two examples above, increasing one cost leads to
a decrease in the other one. In fact, the above simple
strategies are the two extreme strategies, in which one
cost is minimized and the other cost is maximized. Exist-
ing systems use either one of these two strategies or the
following combination of them (used in current cellular
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telephone networks). Each user is affiliated with some
geographic region, referred to as its home-system.
Within the home-system, the Never-Update strategy is
used. When the user moves into another region, then it
must manually register (update), and then the Never-
Update strategy is used within that region. The partition
into regions is static, and is based on the market areas
where licenses for cellular systems can be granted to
operator companies by the FCC.

Recently, the problem of utilizing efficiently the wire-
less links was considered in [2], where a new approach
according to which a subset of all cells is selected and
designated as reporting cells is presented. The idea is
that mobile users will transmit update messages only
upon entering a reporting cell, and a search for any user
will always be restricted to the vicinity of a reporting
cell — the one to which the user lastly reported. This
strategy is static in the sense that the location of the
reporting centers is fixed. Also, the strategy is global in
the sense that all mobile users transmit their update
messages in the same set of cells. Note that it might hap-
pen that a mobile user will transmit frequent update
messages, even if it does not move far since it can move
in and out a reporting center frequently. It can also
happen that a mobile user will not transmit update mes-
sages for long periods of time, even if it moves a lot,
since it does not enter a reporting center. The question
of where to place the reporting centers so that some cost
function is optimized is answered in [2] for various cell
topologies.

In this paper we focus on dynamic strategies in which
the mobile users transmit update messages according
to their movements and not in predetermined cells.
These strategies are local in the sense that the location
update may differ from user to user and the users them-
selves decide when and where to transmit their update
messages.

The simplest dynamic strategy that is considered is
the time-based update in which each mobile user updates
its location periodically every T units of time, where T
is a parameter. Another dynamic strategy considered is
the movement-based update in which each mobile user
counts the number of boundary crossing between cells
incurred by its movements and when this number
exceeds a parameter M it transmits an update message.
The last dynamic strategy considered is the distance-
based update in which each mobile user tracks the dis-
tance it moved (in terms of cells) since last transmitting
an update message, and whenever the distance exceeds
a parameter D it transmits an update message.

It is not difficult to realize that from an implementa-
tion point of view the time-based strategy is the simplest
since the mobile users need to follow only their local
clocks. The movement-based strategy is more difficult
to implement since the mobile users need to be aware
when they cross boundaries between cells. The imple-
mentation of the distance-based strategy is the most dif-

ficult one since the mobile users need information
about the topology of the cellular network.

In this paper we consider both memoryless move-
ment patterns and movements with Markovian memory
along a topology of cells arranged as a ring. We analyze
the performance of each one of the three strategies
under such movements, and show the performance dif-
ferences between the strategies. In the memoryless case,
we prove that the distance-based strategy is the best
among the three strategies, and that the time-based
strategy is the worst one among them. In the Markovian
case, we show that this is not always true, as for certain
types of movement patterns the time-based strategy is
better than the movement-based strategy. In both the
memoryless and the Markovian movement patterns, the
numerical results obtained show that the difference
between the movement-based and the time-based strate-
gies is small, and that this difference vanishes as the
update rate decreases. The results also show that the dif-
ference between the distance-based strategy and the
other two strategies is more significant.

Recently it has come to our attention that a dis-
tance-based strategy has been independently considered
in [5]. In [5] it is assumed that the users are paged with
a high rate. Since whenever the user is paged and found
the location of this user is updated, they consider the
evolution of the system between two successive pagings.
Using dynamic programming approach, an iterative
algorithm for computing the optimal value for the
parameter D is given.

The paper is organized as follows. In section 2 we
define the model. In section 3 we present the analysis
and results for the memoryless movement pattern. In
section 4 we present the analysis and results for the Mar-
kovian movement pattern. Section 5 is devoted for dis-
cussion and open problems.

2. The model

Consider a cellular wireless radio system with N cells.
Two cells are called neighboring cells if a mobile user
can move from one of them to another, without crossing
any other cell. In this paper we study a ring cellular
topology in which cells i and i + 1 are neighboring cells
(in the following all arithmetics with cell indices are
modulo N). Thus, a mobile user that is in cell 7, can only
move tocellsi + 1 ori — 1 or remain in cell 7.

To model the movement of the mobile users in the
system we assume that time is slotted, and a user can
make at most one move during a slot. The movements
will be assumed to be stochastic and independent from
one user to another. For each user, we analyze two types
of movements — the i.i.d. (independent and identically
distributed) movement and the Markovian movement.
In the i.i.d. model, if a user is in cell i at the beginning of
a slot, then during the slot it moves to cell i + 1 with
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probability p, moves to cell i — 1 with probability p, or
remains in cell / with probability 1 — 2p (0 < p < 1/2),
independently of its movements in other slots. In the
Markovian model, during each slot a user can be in one
of the following three states: (i) The stationary state
(S) (ii) The right-move state (R) (iii) The left-move state
(L). Assume that a user is in cell 7 at the beginning of a
slot. The movement of the user during that slot depends
on the state as follows. If the user is in state S then it
remains in cell 7, if the user is in state R then it moves to
cell i + 1, and if the user is in state L then it moves to
cell i — 1. Let X(¢) be the state during slot z. We assume
that {X(¢),t =0,1,2,...} is a Markov chain with tran-
sition probabilities py; = Prob[X(t+1) =1/X(t) = k]
as follows: prr = pr1 = ¢, PLR = PRL =V, PSR = PS.L
=p, pLs=pPrs=1—¢q—v and pss=1-2p (see
Fig. 1).

We consider three dynamic update strategies: (i)
Time-based update: Each mobile user transmits an
update message every T slots; (i) Movement-based
update: Each mobile user transmits an update message
whenever it completes M movements between cells; (iii)
Distance-based update: Each mobile user transmits
an update message whenever the distance (in terms of
cells) between its current cell and the cell in which it last
reported is D (the act of sending an update message by
a user is referred to as reporting). We assume that N is at
least twice the parameter of the update strategy.

The search strategy for finding a user is simple:
Whenever a user is looked for by the system, it is first
searched at the cell it last reported to, say i. If it is not
found there, then it is searched in cells i &+ for every
j=1,2, ..., N/2, starting with j = 1 and continuing
upward until it is found. A search in cells i £ j (for a spe-
cific j) is counted as a single operation. We assume that
the search operation is fast, and terminates within one
slot.

We assume that updates and searches are done at
the beginning of slots, such that if a user is both updat-
ing and being searched in the same slot then the update
operation precedes the search. Movements between

1-2p

Fig. 1. State diagram of the Markov walk.

cells in any slot are assumed to start after all updates
and searches associated with that slot are done, and all
movements are completed by the end of the slot. A
search is assumed to take place only after the system has
reached a steady- state, and the time of search, ¢, is cho-
sen independently of the evolution of the system. This
implies that the probability that the system is in a parti-
cular state at f; is the stationary probability of that
state.

The performance measures that we consider in this
paper are the expected number of update messages per
slot transmitted by a user, denoted by U/,, and the
expected number of searches necessary to locate a user,
denoted by S,, where x € {D, M, T} denotes the strat-
egy under which the measure is taken, i.e., distance-
based, movement-based and time- based, respectively.
Obviously, for update and search strategies to be good,
both measures should be kept small, as explained in the
introduction.

Since the movements of different users are indepen-
dent, it suffices to calculate the above performance mea-
sures for one user. Thus, throughout the analysis
presented in the sequel we refer to a particular user
(arbitrarily chosen).

3. The I.I.D. model
3.1. Distance-based update

Let Y(¢) be the distance between the cell in which
the user is located at time 7 and the cell in which it last
transmitted an update message. Notice that here there is
no need to distinguish whether the user is on the left or
on the right of the cell in which it last transmitted an
update message. Clearly, { Y (¢),r=0,1,2,...} isa Mar-
kov chain. Let Q; = lim,,, Prob[Y(t) =d], d =0, 1,
..., D —1, be the stationary probability distribution of
Y (¢). The balance equations for these probabilities are

2pQo = pO1 +p0Op_1,
2pQ01 =2pQo +pQ>,
2pQa =pQa-1+pQas1, 2<d<D-2,

2pQp-1=pQp-2.

Solving these equations and normalizing the stationary
probabilities to sum to one, we have

1 2(D — ) _
= — - — < < _
Q=151 9 o lsisD-1,
from which it follows that
2p = D 1
Up =pQp-1 =15 Sp=1+) Q=1+ =35

d=1



178 A. Bar-Noy et al. / Mobile users

The expression for Up is due to the fact that an update
message is transmitted only when the distance of the user
from the cell in which it last reported is D — 1, and the
user moves in the direction that increases this distance
(which happens with probability p). The expression for
Sp is true since if at the time of search the distance of the
user from the cell in which it last reported is d, then it
takes d + 1 searches until it is found.

3.2. Movement-based update

Since in each slot a user makes a move with probabil-
ity 2p and remains in the same cell with probability
1 — 2p, it takes on average M /2p slots to complete M
movements. Therefore,

2
uM:Mp.

The computation of the expected number of searches
required to locate a user is more complicated in this case.
We start with the fact that given that the user has made
m (0 <m < M — 1) movements since last transmitting
an update message at some cell, the probability that its
distance from that cell is d is given by

Prob|distance = d|movements = m)|

m 1\
- <d < +
_ 2<m§d> <2) , 1<d<m, m+deven, (1)

0, otherwise .

The explanation for (1) is as follows. Assume that the
user last reported in cell i. To be at cell i + d after m
movements, the number of movements that the user
makes towards cell i + d must exceed by exactly d the
number of movements that it makes away from that cell.
It follows that the number of movements towards cell
i + d must be (m + d)/2. This accounts for the binomial
coefficient. Given that the user moves, the probability
that it moves in either one of the two possible directions
is 1/2, which accounts for the term (1/2)". The factor of
2 is due to the fact that in order to be at distance d the
user can be eitherini+ dorini — d.

Let L(r) = max{r < 7| the user reported in slot 7}.
Let I(¢) be the number of movements that the user has
made during the slots L(¢), L(¢)+1, ..., t—1 (if
t —1 < L(¢) then I(¢) = 0). Recall that ¢ is the slot in
which a search occurs. Since a search occurs at random,
the probability that it will occur after m movements
(m=20,1,2,..., M — 1) is uniformly distributed. There-
fore, Prob[I(t;) =m]=1/M for al m=0, 1, 2, ...,
M — 1 and we have,

Su =1 +Al/izcl<i> G)m_] . @

m=0 d=1 2

where the latter sum is taken only for values of d such
that m + d is even. In Appendix A we show that the two
sums above simplify to the following:

e L) () o

m=1 2

) () @) (e

where §); = 1if M iseven and §;; = 0 otherwise.
3.3. Time-based update

With time-based update we immediately have that
Ur = T

since the user transmits an update message every 7 slots.
To compute the expected number of searches required
to locate the user we use the fact that the probability that
the user makes m movements in ¢ slots (0 < ¢t < 7T — 1)
is given by

Problmovements = m|slots = 7]

=(en -2, 0<m<i

Using (1) and the fact that Pr[(¢t;modT) =t] = 1/T for

allr=0,1,...,T — 1, we obtain
1T71 : t m t—m
sr—1+7;m;(m)<zp> (1-2p)
m m 1 m—1
i) ) 2
d=1 2 2

where the latter sum is taken only for values of d such
that m + d is even. Changing the order of summation in
(5) and using (3) we obtain

Sr=1+ %Z Z: (riz) 2p)"(1 —2p)"m

ORI ©

This will be used in the next subsection. In Appendix B
we show that (5) simplifies to

Sr=1 +%TZI (ij_f) (jfl)(—l)’“p’. (7)

=1

3.4. Comparison

In this section we compare the performance of the
three strategies analyzed in the previous subsections.
We first show that the movement-based strategy is bet-
ter than the time-based strategy in the sense that for the
same expected update rate, the expected number of
searches required to locate the user is greater in the
time-based strategy. We then show that the distance-
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based strategy is better than the movement-based
strategy in a similar sense.

Since Uy =2p/M and Uy = 1/T, it follows that in
order to have the same expected update rate, the param-
eters of the two strategies should satisfy 7' = M /2p.

Proposition 1. For T = 55, we have Sy < Sr.

<><>

T-1

() )

t=m

From (3) and (6) it follows that

Proof. Let

m + 1

-2p)"". ©)

Su=1+— Zf
mO

T—

Z

m:

We first show that a(m) < 1. Thisis true since

T—m—1 .
am= 3 (’"*’)<zp>"”l<1—zp>"

=0 m

m+1 > m+i _ i

<y (") a2

1 =
(2p)m+l

where the second equality is by [3] (page 199,
eq. (5.56)). Thus we have

_ (2p)m+l

)

M-1
Sw =142 3 alm)f(m) +52 >~ (1~ alm)f (m)
m=0 m=0
| M=l 1 M-l
<1 +Mm:0 a(m)f (m) + f(M — l)ﬁmzo(l_a(m))
1 M=l 1 =
=1+ 2 a(m)f (m) +f(M — 1) Mm:Ma(m)
1 M-l 1 !
<1+ Mmzo a(m)f (m) +Mn;1 a(m)f (m)
=81 .

The first and the second inequalities follow from the
fact that f'(m) is a non-decreasing function of m. This can
be seen by using (8) to obtain
fm+1) {1+1/Wl m even,
fm) 1 m odd.
The second equality follows from the fact that
ST "A'; = 1. This fact 1rnphes that & 570 a(m)

=1 =37 S0 alm) = 373,050 (1 — a(m)) . O

We now turn to compare the distance-based strategy
with the movement-based strategy. Since Uy = 2p/ M
and Up = 2p/D2, it follows that in order to have the
same expected update rate, the parameters of the two
strategies should satisfy M = D?.

Proposition 2. For M = D?,
(@) Sp < Su,s
(b) lim Sy /Sp = /8] ~ 1.56.

Proof. From (4) we have that
D21
1 & /1 2(-1) 2j
>14+—= i =
szie3i(s) ()
|
21+D221:—e 6\/>1+ <1+/ \/_dx>
j

9 (1 L),

=1+ Y (1 + \[2( 1)
where in the second inequality we used Stirling’s bound
[3].

Define g(D) = 14(0.63/D?)(14(1/v2)(D* — 1)*/?)
and h(D)=S8p=1+D/3—1/3D. Note that g(1)
=289>1="n(1); g(2)=394>3="hn2). Further-
more, g'(D) > K/'(D) for all D > 2, which completes the
proof of part (a).

Part (b) is obtained from (4) by using Stirling’s
approximation [3] (j! ~ /2mj(j/e)) and the fact that
Z7=1 Vi~ ind2, O

Part (b) of Proposition 2 indicates that when the
update rate decreases, the expected number of searches
necessary to locate the user in the movement-based
strategy is larger than this number in the distance-based
strategy by a factor of about 1.56. One can show equiva-
lently that if the two strategies have the same expected
number of searches necessary to locate the user, then
when this number increases, the expected update rate in

(10)

T
6r @ x: distance-based
)
. +: movement-based
® o: time-based
5_
®
o | x @
[
34- X @
% X
| x ¢
83+«
X @
X
2r X
X
10 0.005 0.01 0.015 0.02 0.025 0.03

Update Rate

Fig. 2. Cost of search S, vs. update rate U/, in the i.i.d. model for
p =0.05.
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6r ¢ x: distance-based
Z + movement-based
s * o: time-based
3
= @
S
g4r ® 1
@ x
o
% x ®
83t X
x @
X
2r x
X
10 0.02 0.04 0.06 0.08 0.1 0.12 0.14
Update Rate

Fig. 3. Cost of search S, vs. update rate U/, in the i.i.d. model for
p =0.25.

the movement-based strategy is larger than this number
in the distance-based strategy by a factor of about
2.43.

Numerical results

The trade-off between the two costs considered
above, i.e., the expected number of update messages per
slot transmitted by a user, I/, and the expected number
of searches necessary to locate a user, Sy, is depicted in
Figs. 2 and 3. It can be seen that the distance-based
strategy is better than the two other strategies. For
example, to achieve a cost of search equals to 3, the
update rate under the movement-based strategy is more
than 2.5 times the update rate under the distance-based
strategy (the same is true for the time-based strategy). It
is also evident that the difference between the move-
ment-based and the time-based strategies is not signifi-
cant, and that this difference is vanishing as the update
rate decreases.

4. The Markovian model
4.1. Distance-based update

Let Y (¢) be the distance between the cell in which
the user is located at time ¢ and the cell in which it last
transmitted an update message. In the Markovian
model it is important to distinguish whether the user is
on the right (positive Y (¢)) or on the left (negative Y (¢))
of the cell in which it last reported. Clearly,
{(Y(1),X(r)), t=0,1,2, ...} is a Markov chain. Let
Quy =limy o Prob|Y(t) =d, X(t)=x], d=0,1, ...,
D —1,x € {S,R, L} be the stationary probability distri-
bution of this Markov chain. The balance equations
for these probabilities are

Qor =pQos+qQp-1r +v0_p-1)L
+90_1r+v01L,

2pQos = (1 —q—v)(Qp-1r+ Q- (p-1)L

+ Q1 r+011),
2pQas = (1 — ¢ —v)(Qa-1.r + Qa+1.L) »
1<d<D-2,
Qar =pQas+9Qi-1r +vQay1, 1<d<D-2,
Qur =pQas +v0i—1r+qQar1, 1<d<D-2,

2p0p_1s=(1—-qg—v)0p-2r,
Op-1.r =pOp-1,5s +90p-2R,

Op-1L =pQp-1,5s +v0p_2R,
and from symmetry considerations we have

Qir=0-ar, —-(D-1)<d<(D-1),

Qus=0-us,

Solving these equations and normalizing the stationary
probabilities so that their sum is one we have

pl(D—d)(1 —g+v)+2(q —v)]

1<d<(D-1).

QiR = D 2p—g— o)1 —q+0) £ 2(g—0)]
0<d<D-1,
0u, p(D—d)(1—q+w) ,
T DA+ 2p—g—0)[D(1—gq+0v) +2(q— )]
1<d<D-1,
0ys 1=g=0lD=d)(1=g+0)+(g=v)]
D(1+2p—gq—0)[D(I —q+0v) +2(q—v)]
1<d<D-1,
Qo,s = g

D(1+2p—g—v)’

The user reports at slot ¢ if and only if either Y (r — 1)
=D—-land X(t—1)=Ror Y(t—1)=—(D—1) and
X(l — 1) = L. ThereforeUp = ZQD,LR,i.G.,
2p(1+q—v)

U =D+ —g— oDl —g+0+2q—0)]

Since the number of searches required to locate a user is
just

D—1
Sp=1+ Z lil(Qis + Qir + Qir)
i=—(D-1)
D—1
=1+ 22 i(Qis+ Qir+ QiL),
i=1

we have that
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(D—-1D[D+1~-(g=v)(D=2)]
3[D - (¢ —v)(D—2)]

Sp=1+

4.2. Movement-based update

Let Y(¢) be the distance between the cell in which
the user is located in slot ¢ and the cell in which it last
transmitted an update message. As before, positive
(negative) Y (¢) indicates the user is on the right (left) of
the cell in which it last transmitted an update message.
Clearly, —-(M—-1)<Y(t)<M—1. Let L(¢)=max{7 <t |
the user reported in slot 7}. Let I(¢) be the number of
movements that the user has made during the slots L(¢),
L(it)+1,...,te—1 (f t—1<L(t) then I(f)=0).
Clearly,0 < I(t) <M — 1.

To compute the expected number of update messages
per slot transmitted by the user, U,,, we focus on the
Markov chain {(I(¢), X (¢)), t = 0,1,2, ...} with the sta-
tionary probabilities Q. = lim, .o Prob[I(t) =m,
X(t)=x],m=0,1, ..., M—1, x € {S,R,L}. The fol-
lowing balance equations will be used shortly.

Qiir+0is1.=0ir+0ir, i=01,....M—1,
(1-qg—v)(Qi-ir+ Qi-1L) = 2p0is,
i=0,1,... M—1,

where i — 1 is computed modulo M. The user transmits
an update message at slot ¢ if and only if I(r—1)
= M — land X (¢ — 1) iseither Ror L. Therefore,

1
Uy = Ou—1r + Op-1L = OQor + Qor =+ — Qos

M
1 1l—g—wv
ZM—#(QM—LR-FQM—LL)
I 1l—g—vw
=M 2y Y

The second and fourth equalities follow from the above
balance equations. The third equality follows from the
fact that Qu g + Oms + Omr = 1/M for all m, which
follows from symmetry considerations. Solving for U,
we have

2p

Uy = .
M= MO +2p—q—v)

To compute the expected number of searches neces-
sary to locate a user, Sj;, we will consider an embedded
Markov chain that ignores the states in which the user
does not move. To that end, let J(z,¢') be the number of
movements that the user has made during the slots
L(t),L(t)+1,...,7 — 1. Recall that 7, is the slot in
which a search occurs. Let #,, = max{r > L(#)|J(t;, )
= m}. The embedded Markov chain is {(Y (), X (t)),
m=0,1,2,...}.

Let P,,(d, x|x")=Prob|[Y(t,,) =d, X(t,,) = x| X(ty) =]
(note that from the definition of #,, it follows that Y (¢)
=0). Define P, (d,x|x') = Pu(d,x|xX') + Pn(—d,x|x)
for d > 0, and let P,,(d|x') = P,,(d,R|x') +P,,(d, L|X').
By symmetry considerations we have that P, (d|R)
= P,(d|L), for all d >0 and m > 0. The probability
that a user will be at an absolute distance d (from the
cell in which it last transmitted an update message) at
time #,,, namely after m movements, is therefore,

Py(d) = P,,(d|R)Prob[X (t)) = R]
+ P(d|L)Prob[X (1g) = L] = P,,(d|R). (11)
Returning now to the original Markov chain, we
have

Prob[Y (t;) =d] = Mz_:l Prob[Y (t;) = d|I(t;) = m]
m=0
- Prob[I(t5) = m]

M-1 R 1
=Y Pud) e

m=0

(12)

(13)

Therefore, the expected number of searches required to
locate the user is

3
<

—1
dP,(d),
1

1
14—
Sy JrM .

3
Il
1
Il

where the latter sum is taken only for d + meven.

To complete the computation we only need to have
the quantities P,,(d, R|R) and P,,(d, L|R) for 0 < d, m
<M-1. Defining a=(1+g—v)/2 and f=(1—g+v)/2
we have that,

P0(07R|R) =,
PO(()?L‘R) :ﬂa
Py(d,x|R) =0, d#0,xe{R,L},

Pu(d,RIR) = aPy_1(d — 1,R|R) + BP_1(d + 1,L|R),
m>1, -(M-1)<d<M-1,

Pyu(d,LIR) = BPy-1(d —1,RIR) + aPp_1(d +1,LIR),
m>1, -(M—-1)<d<M-1.

It is obvious that these probabilities can be computed
recursively from the above relations. Using transform
techniques, one can obtain (rather complicated) closed-
form expressions for these probabilities.

4.3. Time-based update

Asin thei.i.d. case, with time-based update we have
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Ur = T

since the user transmits an update message every 7 slots.
We now compute the expected number of searches
required to locate the user. Asin the previous subsection,
let L(¢) = max{7 < ¢ | the user reported in slot 7}. Let
Y (¢) be the distance between the cell in which the user is
located in slot ¢ and the cell in which it last reported.
Recall that ¢ is the slot in which the user is being
searched. Then we have

1 T-1 t
Sr=1+ ?Z > " |d| Prob[Y (i)

=0 d=—t
=d|(t;mod T) = 1].
The probabilities Prob[Y(t;) = d|(t; modT) =1] are
determined as follows. Let QOF(d)=Prob[Y(t,)
=d|X(L(t;)) = x, (t; modT) =1¢]. Then for t+=0,]1,
..,T—1landd = —t,—(t—1),...,0,...,t,wehave,

Prob[¥ (1,) = d|(1, modT) = 1] = u(S) 05 (d)

+u(R)QF(d) + p(L)QF (),

where u(x) is the stationary probability of being in state
X, 1.e.,

l—g—v
S) =t
(S) S r—
u(R) = p(L) = ——T .
I1+2p—qg—v

The probabilities Q7 (d) are computed for 1 =0,1, ...,

T—landd=—-t,—(t—1),...,0,...,¢ via the follow-

ing recursion.

07 (d) = (1-2p) Q) 1(d) +p O 1(d) +p OF1(d),
(14)

Ofd)=(1-q-v) Q) (d=1)+qQf(d~1)

+o 0l (d-1), (15)
OH(d) = (1—g—v) Q% (d+ 1)+ O (d+ 1)
To QR (d+1) (16)

initiated with
O (d) = Q5(d) = Q3 (d) = é(d),

where §(d) = 1ifd = 0and 6(d) = 0 otherwise.

The explanation for (14) is as follows. Given that in
slot L(t,) (the slot in which the user last reported) the
user is in state S, the user will be in slot L(#;) 4 1 in state
S with probability (1 — 2p), in state L with probability
p, and in state R with probability p. Given that in slot
L(t;) 4+ 1 the user is in state x (x € {S, R, L}) and that
(t; mod T) = ¢, the probability that in slot ¢, the user
will be at distance d from the cell in which it last
reported is QY |(d). The explanations for (15) and (16)
are similar.
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Fig. 4. Cost of search S, vs. update rate U, in the Markovian model
forg=0.8,v=0.1,p=0.1.

4.4. Numerical results

The trade-off between the two costs considered
above, i.e., the expected number of update messages per
slot transmitted by a user, U, and the expected number
of searches necessary to locate a user, Sy, is depicted in
Figs. 4 and 5. As in the i.i.d. case, it can be seen that the
distance-based strategy is better than the other two stra-
tegies. However, it is interesting to note that unlike in
the 1.1.d. model, in the Markovian model there are cases
in which the time-based strategy is better than the move-
ment-based strategy (see Fig. 5). It seems that this phe-
nomenon occurs when the movement pattern is
“restless and erratic”, i.e.,when p and ¢ are small, and v
isclose to 1. Note also that as in the i.1.d. case, the differ-
ence between the movement-based and the time-based
strategies seems to vanish as the update rate decreases.

5. Discussion

In this paper we focus on three natural dynamic
tracking strategies, namely, the distance-based, the
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Fig. 5. Cost of search S, vs. update rate U/, in the Markovian model
forg =0.1,v=0.8,p =0.1.
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movement-based and the time-based strategies. We con-
sidered a network in which the cells are arranged in a
ring topology, and analyzed the performance of each
one of the three strategies under a memoryless and a
Markovian movement patterns.

In the memoryless case, we proved that the distance-
based strategy is the best among the three strategies,
and that the time-based strategy is the worst one among
them. In the Markovian case, we showed that this is
not always true, as for certain types of movement pat-
terns the time-based strategy is better than the move-
ment-based strategy. In both the memoryless and the
Markovian movement patterns, the numerical results
obtained show that the difference between the move-
ment-based and the time-based strategies is small, and
that this difference vanishes as the update rate
decreases. The difference between the distance-based
strategy and the other two strategies is more signifi-
cant.

There are a number of problems that are not
addressed in this work, which could be the subject of
further research. In this paper we considered only a ring
topology. However, the ideas and techniques used here
seem to be extendable to other topologies, such as a grid
graph. Another possible extension could be to consider
other walking patterns of the users, and other strategies.
In particular, one could adopt a combination of all or
some of the strategies considered in this paper. Finally,
the cost defined here for the search operation is only one
reasonable possibility. It is interesting to see how the
results would change (if at all) if this cost is defined dif-
ferently.

Appendix A

The goal is to simplify (2),

M—-1 m

e E A0

m=0 d=0

where the sum is taken only for values of d such that
m + d is even.
Let m + d = 2k with k an integer. Then,

Su=1+— Z()mzm: 2k —m)("})

k=[4]

s () w3
) S B 0]

)T S0

1 M-1 1 m—1 m—1
()
v g
The last equality follows from the telescopic nature of
the second summation. This shows that (2) simplifies to

(3). Summing first only even values of m in the above
expression, i.e., taking m = 2/ for an integer / we have

(17)

M-1

w20 ()= 6)

Next, summing the odd values of m,
m = 2[ — 1for aninteger / we have

i.e., taking

() () =6 6)

The odd case is identical to the even case when M is
odd. When M is even, only the odd case contributes to
the summation. Thus we obtain that (2) simplifies to

4,

e 0 () (e

where 6 = 1if M isevenand 6, = 0 otherwise.

Appendix B

The goal is to simplify (5),

S SS (or

t=0 m=0

Pyt

where the sum is taken only for values of d such that
m + d is even.
Rearranging (5) we obtain

2p)t7m
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Since we need the above expression to simplify to (7) we
have to show that,

5SS () () ()

m=1 d=1 t=j

(2 -2 T

IRVESUAVES VA
To simplify the left hand side of (14) we prove the
following identity:

M ECATS]

Proof. Identity (19): By [3] (page 174, eq. (6)) we get
that (1) ;") = (1) (), and therefore,

Jj—m m

T—1 .\ T-1
)6 =62 0)
; (m) j —m m ; j
The claTin} followsT since by [3] (p. 174, eq. (9)) we get
that Zt:} (,l) = (j+1)- 0

(18)

(19)

Consequently, it remains to show that

() $(2)-(3)

m=1

(20)

We now partition the left hand side of (20) into two
cases: In the even case d = 2/ and m = 2i where / and i
are integers and in the odd case d =2/—1 and
m = 2i — 1 where / and i are integers. Thus, the left hand
side of (20) becomes

SOAONCPIY

)G D).

i=1 =1

To simplify this expression we need the following two
identities. We prove only the first identity, the proof for
the second identity follows similar arguments.

Z":l 2\ Q2
—~\i+1) 2\i)’

eo( 1) =50,

=1

(1)
(22)

Proof. Identity (21): First we replace / by / +i — i and
get that the left hand side is

zi:(l+i)(iiil>i; (zi—ll>

=1

Since (/ + 1) H—l) *2l(l+l 11) it follows that the left
handsideis

2i—1 =/ 2i
2lz<z+l— ) ’;<i+1)’
Since 30, () =27 and () = (2,

Zz 1 (z+l_11> _ 22: ' and that Zl : (’H) (221 _ (211))
Therefore, the left hand side is

2i—1 - .
- ()-40)
1 l 0

Using identities (21) and (22), the left hand of (20)
becomes

, it follows that

N ~.

SO GL)E) 20 G

It remains to show that for an even j

el ZG) 2ii<2ii> Kzij_ 1) B (i)] - (i‘j—_ 12> ’

(23)
and for an odd;
S0 Ol6E) - ()
A)-00) e

We only prove (23), the proof for (24) is similar. We
need the following two identities. Again since they are
similar we are going to prove only the first one.

S0 () e

SO ) -

Proof. Identity (25): By the definition of ( ) it follows
that i(¥)(,/ ) = 2/(*7}) (47}). Therefore, the left hand
side of (25) isequal to

SO

We now use the following identity [3] (eq. (5.38)),

Z () (2:)2 "= (E 5) |
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We obtain identity (25) by replacing k with i — 1 and n
byj— 1. O

Plugging identities (25) and (26) in (23), it remains
to prove that

.3 .3 .
A -3 -3 2 =2
joi! i 2 _sz :(J 1)_ (27)
37 2 J -
Again by the definition of (;) we get 2:% <j%%)
3
= J%l 7|, and thus it remains to prove that
2
j2 N (i-3 2 -2
=1\ 47U %)
Proof. Identity (28):
(21—2)<2j—2><2j—3)~-~o+1></>,j—1
j—1 G-1G-2)---@0) j-1
22 2-4 j+2
i1 -1 -2
Q=) -5) G-
FHE-1--- 1)
2 2G-32(-9 20 =Y
ST @G-
27 (i3
= ‘_1~ L
J 5 O
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