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Feature	
  Ranking	
  and	
  Selec2on	
  
Dimensionality	
  Reduc2on	
  
	
  



Feature	
  selec.on	
  

Select	
  the	
  “best”	
  features	
  (subset	
  of	
  the	
  original	
  one)	
  
Filter	
  methods:	
  

rank	
  the	
  features	
  individually	
  according	
  to	
  some	
  criteria	
  (informa2on	
  gain,	
  𝛘2,	
  
etc.)	
  and	
  take	
  the	
  top-­‐k	
  or	
  eliminate	
  redundant	
  features	
  (correla2on)	
  

Wrapper	
  methods:	
  
evaluate	
  each	
  subset	
  using	
  some	
  data	
  mining	
  algorithm;	
  use	
  heuris2cs	
  for	
  the	
  
explora2on	
  of	
  the	
  subset	
  space	
  (forward/backward	
  search,	
  etc.)	
  

Embedded	
  methods:	
  
feature	
  selec2on	
  is	
  part	
  of	
  the	
  data	
  mining	
  algorithm	
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Filter	
  methods	
  -­‐	
  Informa2on	
  Gain	
  (IG)	
  

For	
  a	
  random	
  variable	
  X	
  (class)	
  its	
  entropy	
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  ,	
  c	
  classes	
  
	
  

“High	
  Entropy”:	
  X	
  is	
  from	
  a	
  uniform	
  distribu2on	
  –	
  lack	
  on	
  informa2on	
  	
  	
  
“Low	
  Entropy”:	
  X	
  is	
  from	
  varied	
  (peaks	
  and	
  valleys)	
  distribu2on	
  –	
  rich	
  in	
  

informa2on	
  content	
  	
  

	
  
Let	
  variable	
  A	
  (feature),	
  IG(X,	
  A)	
  represents	
  the	
  reduc2on	
  in	
  entropy	
  

(~	
  gain	
  in	
  Informa2on)	
  of	
  X	
  achieved	
  by	
  learning	
  the	
  state	
  of	
  A:	
  
IG(X,A)=H(X)–H(X|A)	
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− P(xi )
i=1

c

∑ × log(P(xi ))



Filter	
  methods	
  -­‐	
  Chi-­‐squared	
  test	
  (𝛘2)	
  

Test	
  of	
  independence	
  between	
  a	
  class	
  X	
  and	
  a	
  feature	
  A	
  
	
  
𝛘2(A)	
  	
  = 	
   	
  	
  	
  	
  	
  	
  	
  ,	
  v	
  values,	
  c	
  classes	
  
	
  
Oij:	
  observed	
  frequency	
  of	
  class	
  j	
  for	
  feature	
  A	
  (value	
  i)	
  	
  

	
  	
  	
  	
  	
  Eij:	
  the	
  expected	
  frequency	
  
	
  
	
  
	
  	
  	
  	
  	
  Eij	
  =	
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(Oij −Eij )
2

Eijj=1

c

∑
i=1

v

∑

(# of samples with value i) x (# of samples with class j)  

# of samples in total 



Finding	
  the	
  k	
  best	
  variables	
  

Find	
  the	
  subset	
  of	
  k	
  variables	
  that	
  predicts	
  best:	
  
This	
  is	
  a	
  generic	
  problem	
  when	
  p	
  is	
  large	
  

(arises	
  with	
  all	
  types	
  of	
  models,	
  not	
  just	
  linear	
  regression)	
  
	
  

Models	
  with	
  different	
  complexity..	
  
•  p	
  models	
  with	
  a	
  single	
  variable	
  
•  p(p-­‐1)/2	
  models	
  with	
  2	
  variables,	
  etc	
  
•  …	
  
•  2	
  p	
  possible	
  models	
  in	
  total	
  

	
  
Best	
  k	
  set	
  is	
  not	
  the	
  same	
  as	
  the	
  best	
  k	
  individual	
  variables	
  
What	
  does	
  “best”	
  mean	
  here?	
  



Search	
  Problem	
  

How	
  can	
  we	
  search	
  over	
  all	
  2	
  p	
  possible	
  models?	
  
exhaus2ve	
  search	
  is	
  clearly	
  infeasible	
  
	
  

Heuris2c	
  search	
  is	
  used	
  to	
  search	
  over	
  model	
  space:	
  
•  Forward	
  search	
  (greedy)	
  
•  Backward	
  search	
  (greedy)	
  
•  Branch	
  and	
  bound	
  techniques	
  

	
  

Variable	
  selec2on	
  problem	
  in	
  several	
  	
  data	
  mining	
  algorithms	
  
•  Outer	
  loop	
  that	
  searches	
  over	
  variable	
  combina2ons	
  
•  Inner	
  loop	
  that	
  evaluates	
  each	
  combina2on	
  

	
  
	
  



Forward	
  model	
  selec.on	
  	
  	
  

•  Start	
  	
  with	
  the	
  variable	
  the	
  lowest	
  p-­‐value	
  (i.e.	
  value	
  with	
  the	
  
highest	
  evidence	
  for	
  rejec2ng	
  the	
  null	
  hypothesis)	
  

•  add	
  in	
  each	
  repe22on	
  the	
  variable	
  with	
  the	
  highest	
  F-­‐test	
  value:	
  	
  
	
  
	
  
	
  
-­‐  Assume	
  two	
  models	
  p2,p1	
  with	
  |p2|>|p1|	
  
-­‐  Repeat	
  un2l	
  F-­‐value	
  <	
  thresholdf	
  (or	
  p-­‐value	
  >	
  thresholdp)	
  	
  
-­‐  RSSi	
  the	
  residual	
  sum	
  of	
  squares	
  -­‐	
  the	
  error	
  induced	
  by	
  the	
  model:	
  	
  
	
  
	
  
with	
  yi	
  	
  real	
  value	
  and	
  f(xi)	
  	
  predicted	
  by	
  	
  models	
  containing	
  	
  pi	
  	
  .	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

F =

RSS1 − RSS2
ρ2 − ρ1
RSS2
n− ρ2

F = (yi − f (xi ))1

n
∑

2



Backward	
  Elimina.on	
  

•  start	
  with	
  the	
  full	
  model	
  	
  
•  drop	
  the	
  predictor	
  that	
  produces	
  the	
  smallest	
  F	
  
value	
  (or	
  highest	
  p-­‐value)	
  

•  Con2nue	
  un2l	
  F-­‐value	
  <	
  thresholdf	
  	
  
(or	
  p-­‐value	
  >	
  thresholdp)	
  	
  

•  Some2mes	
  constraint	
  N>p	
  

	
  



Complexity	
  versus	
  Goodness	
  of	
  Fit	
  

x 

y 
Training data 



Complexity	
  versus	
  Goodness	
  of	
  Fit	
  

x 

y 

x 

y 
Too simple? Training data 



Complexity	
  versus	
  Goodness	
  of	
  Fit	
  

x 

y 

x 

y 

x 

y 

Too simple? 

Too complex ? 

Training data 



Complexity	
  versus	
  Goodness	
  of	
  Fit	
  

x 

y 

x 

y 

x 

y 

x 

y 

Too simple? 

Too complex ? About right ? 

Training data 



Complexity	
  and	
  Generaliza2on	
  

Strain(θ) 

Stest(θ) 

Complexity = degrees 
of freedom in the model 
(e.g., number of variables) 

Score Function 
e.g., squared 
error  

Optimal model 
complexity 
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 Dimensionality Reduction 
 

Linear 
SVD, MDS, PCA, NMF, LDA 

 
 

  
 
 
  
 



Data	
  features	
  

Huge	
  volume/	
  Dimensionality	
  
Heterogeneity	
  
Dynamism	
  	
  

Mo2on	
  	
  
Availability?	
  
Frequent	
  Updates	
  

Huge	
  query	
  loads	
  
Examples:	
  Web,	
  P2P	
  systems,	
  Image	
  data	
  



Curse	
  of	
  Dimensionality	
  

•  Some	
  coordinates	
  do	
  not	
  contribute	
  to	
  the	
  
data	
  representa2on.	
  

•  Subsets	
  of	
  the	
  dimensions	
  may	
  be	
  highly	
  
correlated.	
  	
  

•  Nearest	
  neighbor	
  is	
  distorted	
  in	
  a	
  high	
  
dimensional	
  space	
  	
  
Low	
  dimension	
  intui2ons	
  do	
  not	
  apply	
  to	
  high	
  
dimensions	
  	
  

•  Empty	
  space	
  phenomenon	
  	
  	
  



Curse	
  of	
  Dimensionality	
  –	
  k-­‐NN	
  

Assuming k-nn  
-  2dk neighbors are needed for a d dimensional space 
-  Distance computations are increasingly complex  



Empty	
  space	
  phenomenon	
  
 Hyper sphere within a hyper rectangle 
Respective Volumes 
 
The fraction of the sphere within the 
rectangle becomes insignificant with d 
increasing  

 

•  normal distribution in high dimensions 
•  longest/shortest distances converge.  

•  clustering becomes infeasible 



Inscrip2on	
  of	
  hyper	
  sphere	
  in	
  a	
  hypercube	
  	
  

  
The radius of the inscribed circle accurately reflects the difference between 
the volume of the hypercube and the inscribed hypersphere in d-dimensions. 

http://www.cs.rpi.edu/~zaki/www-new/uploads/Dmcourse/Main/chap6.pdf  



Dim.	
  Reduc.on	
  –	
  Linear	
  Algorithms	
  

Matrix	
  FactorizaDon	
  methods	
  
•  Principal	
  Components	
  Analysis	
  (PCA)	
  	
  
•  Singular	
  Value	
  Decomposi2on	
  (SVD)	
  
•  Mul2dimensional	
  Scaling	
  (MDS)	
  
•  Non	
  nega2ve	
  Matrix	
  Factoriza2on	
  (NMF)	
  
•  Latent	
  Seman2c	
  Indexing	
  (LSI)	
  



Low	
  Rank	
  Approxima.on	
  



Frobenius	
  distance	
  	
  

______________________________________________________________________ 
SOME CONTRIBUTIONS TO DIMENSIONALITY REDUCTION, Wei Tong, Ph.D. thesis, 
2010, Michigan State University 
http://www.ece.uprm.edu/~domingo/teaching/ciic8996/SOME%20CONTRIBUTIONS%20TO
%20DIMENSIONALITY%20REDUCTION.pdf  
 
 



Dim.	
  Reduc.on–Eigenvectors	
  

A nxn matrix  
•  eigenvalues λ: |Α-λΙ|=0 

•  Eigenvectors x : Ax=λx  

•  Matrix rank: # linearly independent rows or columns 
•  A real symmetric table Α nxn can be expressed as: A=UΛUT 

•  U’s columns are Α’s eigenvectors 
•  Λ’ s diagonal contains Α’s eigenvalues 

•  Α=UΛUT=λ1x1xT
1+λ2x2xT

2+…+λnxnxT
n 

•   x1xT
1 represents projection via x1 (λi eigenvalue, xi eigenvector) 

xxT vs. xTx  



Singular	
  Value	
  Decomposi.on	
  (SVD)	
  



Singular	
  Value	
  Decomposi.on	
  (SVD)	
  -­‐	
  I	
  



Singular	
  Value	
  Decomposi.on	
  (SVD)	
  -­‐	
  II	
  

Matrix	
  approxima.on	
  
	
  
The	
  best	
  rank	
  r	
  approxima2on	
  Y’	
  of	
  a	
  matrix	
  X.	
  (minimizing	
  the	
  

Frobenius	
  norm)	
  
	
  
	
  
where	
  AH	
  transpose	
  of	
  A,	
  σi	
  are	
  the	
  singular	
  values	
  of	
  A,	
  and	
  the	
  trace	
  func2on	
  is	
  used.	
  	
  
The	
  Frobenius	
  norm	
  is	
  sub-­‐mul2plica2ve	
  and	
  is	
  very	
  useful	
  for	
  numerical	
  linear	
  algebra.	
  This	
  

norm	
  is	
  olen	
  easier	
  to	
  compute	
  than	
  induced	
  norms.	
  

	
  
	
  	
  



Mul.dimensional	
  Scaling	
  (MDS)	
  

•  Ini2ally	
  we	
  depict	
  vectors	
  in	
  random	
  places	
  
•  Itera2vely	
  reposi2on	
  them	
  in	
  order	
  to	
  minimize	
  

Stress.	
  	
  
–  Stress	
  =	
  ∑(dij-­‐dij’)2/∑	
  dij2	
  
–  Complexity	
  Ο(N3)	
  (Ν:number	
  of	
  vectors)	
  

•  Result:	
  	
  
–  A	
  new	
  depic2on	
  of	
  the	
  data	
  in	
  a	
  lower	
  dimensional	
  

space.	
  
•  Implement	
  usually	
  by:	
  	
  

–  Eigen	
  decomposi2on	
  of	
  the	
  inner	
  product	
  matrix	
  and	
  
projec2on	
  on	
  the	
  k	
  eigenvectors	
  that	
  correspond	
  to	
  the	
  k	
  
largest	
  eigenvalues.	
  

	
  



Mul.dimensional	
  Scaling	
  

•  Data	
  is	
  given	
  as	
  rows	
  in	
  Χ	
  
–  C=XXT	
  (inner	
  product	
  of	
  xi	
  with	
  xj)	
  
–  Eigen	
  decomposi2on	
  of	
  C’	
  =	
  ULU-­‐1	
  
–  Eventually	
  	
  X’	
  =	
  UkLk1/2,	
  where	
  k	
  is	
  the	
  projec2on	
  dimension	
  

X= 

C= 

U= 

L= 

L= 
XXT 

EVD 

X’=U2L2
1/2= 



Principal	
  Components	
  Analysis	
  

The	
  main	
  concept	
  behind	
  Principal	
  Components	
  Analysis	
  is	
  
dimensionality	
  reduc2on,	
  maintaining	
  as	
  much	
  as	
  possible	
  
data’s	
  variance.	
  	
  

variance:	
   	
   	
  V(X)=σ2=Ε[(Χ-­‐μ)2]	
  
Let	
  	
  Ν	
  objects,	
  with	
  mean	
  value,	
  m,	
  it	
  is	
  approximated	
  as:	
  	
  
	
  
	
  
Sample	
  of	
  Ν	
  objects	
  with	
  unknown	
  mean	
  value:	
  
	
  
	
  	
  



Dimensionality	
  reduc.on	
  based	
  on	
  variance	
  
maintenance	
  

Axis 
maximizing 
variance    



Principal	
  Components	
  Analysis	
  

«Α	
  linear	
  transforma2on	
  that	
  chooses	
  a	
  new	
  coordinate	
  system	
  for	
  the	
  
data	
  set	
  such	
  that	
  the	
  greatest	
  variance	
  by	
  any	
  projec2on	
  of	
  the	
  data	
  
set	
  comes	
  to	
  lie	
  on	
  the	
  first	
  axis	
  (then	
  called	
  the	
  first	
  principal	
  
component),	
  the	
  second	
  greatest	
  variance	
  on	
  the	
  second	
  axis,	
  and	
  so	
  
on	
  ...»	
  (wikipedia)	
  

	
  
Let	
  n	
  dimensional	
  data,	
  with	
  dimensions:	
  x1,…,xn	
  
	
  

The	
  objec2ve	
  is	
  to	
  project	
  the	
  data	
  to	
  k	
  dimensions	
  via	
  some	
  linear	
  
decomposi2on:	
  	
  	
  
	
  y1=a1*x1+…+an*xn	
  
	
  ………	
  
	
  yk=b1*x1+…+bn*xn	
  

	
  
	
  

should	
  maintain	
  the	
  variance	
  of	
  the	
  original	
  data	
  
	
  



Covariance	
  Μatrιx	
  

Let	
  Matrix	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  where	
  Xi	
  vectors	
  
	
  
covariance	
  matrix	
  Σ	
  is	
  the	
  matrix	
  whose	
  (i,	
  j)	
  entry	
  is	
  
the	
  covariance	
  	
  

	
  
	
  
	
  
	
  
Also:	
  cov(X)	
  =	
  X’TX’,	
  where	
  X’=	
  X-­‐M	
  



Principal	
  Components	
  Analysis	
  (PCA)	
  
•  The	
  basic	
  idea	
  of	
  PCA	
  is	
  the	
  maximiza.on	
  of	
  the	
  

covariance.	
  
–  Variance:	
  Depicts	
  the	
  maximum	
  devia2on	
  of	
  a	
  random	
  variable	
  

from	
  the	
  mean.	
  
–  σ2=∑i=1n	
  ((xi	
  –	
  μi	
  )2/n)	
  

•  Method:	
  	
  
–  Assump2on:	
  Data	
  is	
  described	
  by	
  p	
  variables	
  and	
  contained	
  as	
  rows	
  in	
  

matrix	
  Xpxn	
  
–  We	
  subtract	
  mean	
  values	
  from	
  columns.	
  X’=(X-­‐M)	
  
–  Calculate	
  covariance	
  matrix	
  W	
  =	
  X’T	
  X’	
  



Principal	
  Components	
  Analysis	
  (PCA)	
  –	
  (2)	
  
•  Calcula.on	
  of	
  covariance	
  matrix	
  W	
  

–  A	
  matrix	
  nxn,	
  in	
  each	
  cell	
  of	
  W(i,j)	
  we	
  have	
  the	
  covariance	
  of	
  Xi,Xj.	
  
	
  

•  Calculate	
  eigenvalues	
  and	
  eigenvectors	
  of	
  W	
  (X,D)	
  =	
  UAUT	
  

•  Retain	
  k	
  largest	
  eigenvalues	
  and	
  corresponding	
  eigenvectors	
  
–  k	
  is	
  an	
  input	
  parameter	
  
–  There	
  	
  is	
  an	
  input	
  parameter	
  and	
  k	
  is	
  calculate	
  by	
  	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  ∑pj=k+1λj/∑pj=1λj	
  >	
  85%	
  

•  Projec.on	
  :	
  A’Χk
	
  



Principal	
  Components	
  Analysis	
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0.54 2.7 
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-0.40 -0.20 

-0.18 -0.90 
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-0.40 -0.20 

-0.18 -0.90 

X’TX’ 



PCA,	
  example	
  

Axis corresponding to the 
first principal component 

Axis corresponding to the 
second principal component 



PCA	
  Synopsis	
  &	
  Applica.ons	
  

-­‐  Preprocessing	
  step	
  preceding	
  the	
  applica2on	
  of	
  data	
  

mining	
  algorithms	
  (such	
  as	
  clustering).	
  

-­‐  Data	
  Visualiza2on	
  &	
  Noise	
  reduc2on.	
  

-­‐  Nominal	
  complexity	
  Ο(	
  np^2+p^3)	
  
n:	
  number	
  of	
  data	
  points	
  

p:	
  number	
  of	
  ini2al	
  space	
  dimensions	
  	
  

-­‐	
  The	
  new	
  space	
  maintains	
  sufficiently	
  the	
  data	
  
variance.	
  	
  



Non	
  Nega.ve	
  Matrix	
  factoriza.on	
  (NMF)	
  
-­‐	
  Applying	
  SVD	
  results	
  in	
  factorized	
  matrices	
  with	
  	
  posi2ve	
  and	
  

nega2ve	
  elements	
  may	
  contradict	
  the	
  physical	
  meaning	
  of	
  
the	
  result.	
  	
  

Example:	
  	
  
	
  -­‐	
  X	
  gray-­‐scale	
  image	
  intensi2es,	
  Y	
  its	
  SVD	
  approxima2on	
  	
  
	
  -­‐	
  difficult	
  to	
  interpret	
  the	
  reconstructed	
  matrix	
  Y	
  for	
  a	
  gray-­‐
scale	
  image	
  with	
  nega2ve	
  elements.	
  
	
  -­‐	
  NonnegaDve	
  matrix	
  factorizaDon	
  (NMF)	
  

	
   	
  find	
  the	
  reduced	
  rank	
  nonnegaDve	
  factors	
  to	
  approximate	
  a	
  
given	
  nonnega2ve	
  data	
  matrix.	
  	
  

	
  



Non	
  Nega.ve	
  Matrix	
  factoriza.on	
  (NMF)	
  



NMF	
  Algorithms	
  

Mul2plica2ve:	
  upda2ng	
  solu2ons	
  U	
  and	
  V	
  
	
  
	
  
Gradient	
  descent	
  algorithms	
  
	
  
	
  
εv	
  and	
  ευ	
  are	
  the	
  step	
  sizes.	
  	
  



Linear	
  discriminants	
  analysis	
  	
  

Linear	
  discriminant	
  analysis,	
  two	
  classes	
  	
  
Linear	
  discriminant	
  analysis,	
  C	
  classes	
  	
  
	
  



LDA	
  –	
  two	
  classes	
  
•  LDA aims to project data in a lower dimensional 

space that preserves as much of the class 
discriminatory information as possible  

•  Assume                                           d-dimensional 
that belong to either of the classes C1 and C2.   

•  We search for                     that best separates the 
data of C1 and C2.  

 
 
 

X = (x1, x2, ...xn)

y = wTX



LDA	
  –	
  two	
  classes	
  
The	
  projec2on	
  should	
  
-­‐  maximize	
  the	
  distance	
  of	
  the	
  class	
  centers	
  
-­‐  minimize	
  the	
  in	
  class	
  variance	
  



LDA	
  two	
  classes	
  –	
  Fischer’s	
  criterion	
  
Distance	
  between	
  projected	
  classes	
  centers	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  
	
  
	
  
Within	
  class	
  variance	
  	
  
Total	
  within	
  class	
  scaOer	
  for	
  the	
  projected	
  data	
  
	
  	
  

µ̂1µ̂2

Ŝi =
P

y2Ci
(y � µ̂i)2

Ŝ1 + Ŝ2

|µ̂1�µ̂2| = 1
|C1|

P
C1

y

C1
i � 1

|C2|
P

C2
y

C2
i = 1

|C1|
P

C1
w

T
x

C1
i � 1

|C2|
P

C2
w

T
x

C2
i



Fischer’s	
  linear	
  discriminant	
  

linear	
  func2on	
  of	
  
maximizing:	
  
	
  
Therefore,	
  searching	
  for	
  a	
  projec2on	
  
where	
  same	
  class	
  points	
  are	
  	
  
-­‐  projected	
  very	
  close	
  to	
  each	
  	
  
-­‐  projected	
  means	
  are	
  as	
  farther	
  as	
  
possible	
  	
  

	
  

J(w) = |µ̂1�µ̂2|2

Ŝ1+Ŝ2

y = wTX



Op2miza2on	
  –	
  within	
  class	
  sca�er	
  

Within	
  class	
  sca�er	
  matrix	
  	
  in	
  feature	
  space	
  𝑥	
  
	
  
Where	
  	
  
Within	
  class	
  sca�er	
  matrix	
  	
  in	
  projected	
  space	
  y	
  
	
  
Where	
  
between	
  class	
  sca�er	
  in	
  projected	
  space	
  y	
  
	
  
	
  

S

i

=
P

x2Ci
(x� µ

i

)(x� µ

i

)T
Sw = S1 + S2

Ŝi = wTSiw

Ŝ1
2
+ Ŝ2

2
= wTSww

|µ̂1 � µ̂2|2 = wT (µ1 � µ2)(µ1 � µ2)Tw = wTSBw



Fishers	
  Criterion	
  op2miza2on	
  	
  	
  

	
  
To	
  find	
  maximum	
  
	
  
Solving	
  the	
  generalized	
  eigenvalue	
  problem:	
  
	
  
We	
  find:	
  

J(W ) = wTSBw
wTSWw

d
dwJ(W ) = 0 =) S�1

w SBw � Jw = 0

S�1
w SBw = Jw

w

⇤ = argmax[ w
TSBw

wTSWw ] = S

�1
w (µ1 � µ2)



An	
  example[1]	
  

[1] CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 



LDA	
  C	
  classes	
  [1]	
  

[1] CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 



LDA	
  C	
  classes	
  	
  
-­‐	
  mean	
  vector	
  and	
  sca�er	
  matrices	
  for	
  the	
  projected	
  samples	
  
	
  
	
  
	
  
-­‐	
  Thus	
  generalizing	
  the	
  two	
  class	
  problem:	
  
	
  
-­‐	
  Searching	
  for	
  a	
  projec2on	
  maximizing	
  the	
  ra2o	
  of	
  between-­‐

class/within-­‐class	
  scaOer.	
  	
  
-­‐	
  projec2on	
  is	
  no	
  longer	
  a	
  scalar	
  (𝐶	
  −	
  1	
  dimensions),	
  	
  use	
  the	
  

determinant	
  of	
  the	
  sca�er	
  matrices	
  to	
  obtain	
  a	
  scalar	
  
objec2ve	
  func2on	
  	
  

	
  

[1] CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 



LDA	
  C	
  classes	
  	
  

-­‐	
  seek	
  the	
  projec2on	
  matrix	
  𝑊∗	
  	
  maximizing	
  this	
  ra2o	
  	
  	
  
-­‐  op2mal	
  projec2on	
  matrix	
  𝑊∗	
  	
  

-­‐  columns	
  are	
  eigenvectors	
  resp.	
  	
  largest	
  eigenvalues	
  of	
  generalized	
  
eigenvalue	
  problem:	
  	
  

	
  

[1] CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 



LDA	
  vs.	
  PCA	
  	
  

[1] CSCE 666 Pattern Analysis | Ricardo Gutierrez-Osuna | CSE@TAMU 



Limita2ons	
  of	
  LDA	
  



Regression	
  evalua2on	
  

variance	
  explained	
  by	
  our	
  model	
  
	
  
	
  
:	
  mean	
  squared	
  error	
  (residual)	
  divided	
  by	
  
total	
  error:	
  unexplained	
  variance	
  propor2on.	
  	
  
	
  



LDA	
  vs.	
  PCA	
  

http://www.doc.ic.ac.uk/~dfg/ProbabilisticInference/ 

-  PCA considers the data as a whole 
-  Axes optimal for representing the data 

indicating  the maximum variation 
actually lies.  

-  LDA axis is optimal for distinguishing 
between the different classes.  

-  compare φ1 and u axes… 



Nonlinear	
  Dimensionality	
  reduc.on	
  

•  ISOMAP  
•  LLE 



ISOMAP	
  
Swiss Role:  
-  geometric distance is not a good 

approach 
-  Assume Geodesic Distance 

-  Graph based distance 

-  Compute X: pair-wise 
geodesic distances between all of the 
points (Floyd–Warshall algorithm) 

-  Apply Multidimensional Scaling:  
-  XXT = UΛUT 

-  Xk =UkΛ1/2  



Locally-­‐Linear	
  Embedding	
  (LLE)	
  

LLE objective:   
maintain the Topological proximity of the 3D space in the 2D one 



Locally-­‐Linear	
  Embedding	
  (LLE)	
  
1.  Compute the Neighbors of each data point:  

k-NN or all within distance th	


 
2. Reconstruction error:  
 

 invariance to rotation, scaling 
3. Compute the Weights that Best Reconstruct Each Data  
point from its neighbors, minimizing the cost above 
 
4. Compute the low-dim vector Y best reconstructed by the 
weights minimizing 
 
 
 
-  Solve s sparse NxN eigenvector problem 
-  Bottom nonzero Eigenvectors. 

Nonlinear dimensionality reduction by locally linear embedding, Sam T. Roweis, 
Lawrence K. Saul, Science, 2000 




