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1D-Agvopo: MovoodlaoTartn EKTaoiokn
Avalntnon
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21aT1IKO;  Auadikr) AvalnTnon o€ Eva TAEIVOUNMWEVO TTIVOKQO
Auvauikd;  ATroBnkeuon onpeiwv o€ éva fuyiouévo duadiko dévdpo 7.

ExTaociaké Epwrtnua: [7 : 49]



EkTaoiakn EpwTtnon

AAyo6p10pog 1DEkTacIakNEpwTtnan (v, X;, X,)
Av 10 V €ival @UANO TOTE av X; < X(V) < X, TOTE AvAPOPA DEQOPEVWY OTOV V

aAAIWG
Av x; < x(v) tote 1DEkTaociaknEpwrtnon(ab(v), X4, X,)
Av Xx(V) < X, 16tE 1DEKTOOIGKAEPWTNON(O6(V), X4, X5)
Awodoon: pila[7]
Xpovog EpwTnong O(k +logn) 7 ,[x;,x,] > é¢odog &
Xpovog Kataokeung O(nlogn) P — T o
Xwpog O(n) atroBrikeuon T '_
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AwdLaotato Aevopo

AididoTaro rpoBAnpa d=2: 4y
onueio p=(x(p), y(p)), TEPIOXA R = [X; : Xo] x [yy © Y] Yol R
peR = x(p) € [x1 1 %] ka1 y(p) € 1 1yl (D)o .p
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.. B0 . EvaAAayr] peta€l kABeTNC Kai 0p1fOvTIAc SIXOTOUNONC
‘L o€ ApTIa Kal TTEPITTA BAON avTioToIxXA.
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Koataokeun 2D-6evbpou

Eicodog: P ={p,, p,, ..., P} < R?

‘E€0d0¢: 2D-0€vOpo armrobnkeuovTtag 1o P.

BApa 1: Tafivounon tou P w¢ 1mpo¢ x & y, U = (Xsorted(P), Ysorted(P)).
BApa 2: root[7 ] « Kataokeuri2DAévdpou( U, 0)

AAyOpOpo¢ Kataokeuri2DAévSpou(U, Bdboc)
Av 1o U nepiéxel éva onpeio tote return to GUANO TTOU TTEPLEXEL TO ONUELD
oAALWG
Av to Baboc eival aptlo
to1e N Sidpeon tetunpévn S1aomd 10 U o Uy greps Kot Ugeeg
aAAwiG n Suapeon tetaypévn S1aomd 10 U o Uy greps KO Ugees
V <— £€VacC VEOC KOUPBOC ou amoBbnkevel TV euBsia Staomaonc L
Varepse <— KaTookeui2DAEVEPOU (U, grepsr 1+BABOG)
Vsegse < Kotookeur2DAEVEPpou (U, s, 1+BA60G)
return v
TEAOG

T(n) =2T(n/2) + O(n) = O(nlogn) xpo6vog.




MNapadeypo tov 2D-6evdpou
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Epwtnon 2nueiou o 2D-AEvOpo

-Es £1 £9
L
P
b p, 10
Ps4
P
2
L] *Po
P, ™ P5
P4 L,
L, & |/




[1eploxec Kopupwyv oe 2D-Aevopo

eploxn(v) = opBoywvia treploxn (méavwe un epayuévn) mou Kabopiletal atrod To
UTTOOEVOPO ME Pila TO V.

TePIOXM(root[ T ]) = (-o0 1 +00) x (00 : +o0)
‘Eotw epIoX(V) = (Xq & Xo) X (Yq 1 Yy)
Moieg €ival o1 Treploxr(ad(v)) kai repioxn(06(v));

Me diGdoTTO0N WG TTPOG X:
mePIoXA(ab(v)) = (Xy @ X(L)] x (Y1 1Y)
mePIoXA(BO(V)) = (X(L) 1 Xo) x (¥ : ¥5) ad(v) | 06(V)

Me didoTtraon wg TTPog Y:
TEPIOXA(AB(V)) = (X 2 X) x (Y : Y(L)] oOW) | ,
TEPIOXA(OB(V)) = (Xy 1 Xp) x (Y(L) 1Y)

aB(v)




ExTaolakn EpwTtnon o€ 2D-A&vopo

Mo tnv eploxn: R =[x, : X,] x [y; : y,] Tpeée Alepeuvnon2DAEvtpou (pita[T],R)

AAIOPIOMOZ Aigpeuvnon2DAévtpou (v, R)
av Vv eival QUANO Kal av  p(Vv) € R : avépepe p(V)
aAAiwg av Ttrepioxn(ad(v)) < R ps P12
T0TE AvagopdaYTrodévrpou(ab(v))
aAAIwg av TrEpIoxN(ab(v)) "R = I
T0TE Algpeuvnon2DAévtpou ( ab(v) ,R)
av Teploxn(d6(v)) c R
then AvagopdaYtrodévrpou(d0(Vv))
else if TeploxN(00(V)) "R = O
then Algpebvnon2DAévtpou ( 60(v) ,R)
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O H mepioxn(v) ptropei €ite va atmobnkeveTal o€ KABE
KOMPBoO eiTe va uttoAoyiletal €1Ti TOTTOU (BA. TTPpONYOUUEVN
dla@Avelq)

0 H AvagopadaYtrodévrpou(Vv) cival hia atTAr in-order
avag@opd Twv KOUPWYVY TTou €ival atTdyovol ToU V Kal
QATTAITEI YPAUMIKO XPOVO




Xpovocg Atravtnong EkTaoiakou EpwTApaTog

u AvaAuaon pEow TTANBOUC AoTTpwy, YKPICWV Kal Jaupwy KOUBwV
u O1 doTtrpol KOPPOoI dev TTNPEALOUV TOV XPOVO EKTEAEONG

u [MARBOC naupwyv KOUPwWY = K

n MéEvel va uttohoyioTel To TTARB0C TwV YKPIWV KOPBWYV

- Av avTi yia opBoywVIKO EKTACIOKO EPWTNUA, EXOUME HIa KOTaKOpU®N £uBEia,
TTO001 KOPBOoI Ba ival ykpidol 0TO OEVTPO;

. Opiloupe avadpouIKa To TTANBOC TWV YKPIlwV KOPBwV (TTPOCoX: N avadpoun)
TIPETTEI VA £XEI iIdIO apXIKA KATAOTAON —TT.X. KATAKOPU®N €UBEcia- OTTOTE HEAETOUNE
TI oupPaivel o€ BABOC dUO ETTITTEOWV)

H(n) € L V(n) L

V(N)=2H(N/2)+1!
HD)=VQ@) =1

= RunningTime = O(K++/n).

H(M)=V(n/2)+1 {H(n) — 2H(n/4)+ 2}: {H(n) ~3Jn-2

V(n)=2V(n/4)+3 V(n) =4vn -3



[ToAutTAOKOTNTEC dD-A€vVTpOU

2D-AgvTpo

Q Xpovoc Epwrnong : O( K + Vn) xeip. mepimtwon, O( K + log n) yéon mepimtwon
0 Xpovog kataokeung . O(n log n)

0 Xwpog : O(n)

dD-Aévripo d-dlaoTdoEIg

AkoAouBoupe Tnv idla diadikaoia xwpeilovrag o€ KABe eTTiTredo pe Baon pia atro Ti¢ d
O100TACEIG.

0 Xpovog Epwrnong:  O(dK + d n1-1/d)
A Xpdvog Karaokeurg: O(d n log n)
0 Xwpog: O(dn)




Range Trees
2D-Tree 2D Range Tree
QO Query Time: O(K+n) . O Query Time: O(K +log?n)
Q Construction Time: O(n log n) O(K + log n) by Fractional Cascading
Q Space: O(n) O Construction Time: O(n log n)
O Space: O(n log n)

Range R=[x:X] x[y:VY]
1D Range Tree on x-coordinates:

f [y

O(log n)

v

X\ N /X! X Xa

O(log n) canonical sub-trees

Each x-range [x : X’] can be expressed as the disjoint union of O(log n) canonical x-ranges.




Range Trees

2-level data structure:

Primary Level:
BST on
x-coordinates

root[7 ]

ggssoc (V)

min(v)

max(Vv)

Secondary level:
BST on y-coord.



EvaAAakTikEC Oyelc Twv EkTagiakwy AEvTpwyv
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Range Tree Construction

ALGORITHM Build 2D Range Tree (P)
Input:  P={p;, Py, ... P} = R% P=(P,P)

represented by pre-sorted list on x (named P,) and on y (named P,).

Output: pointer to the root of 2D range tree for P.

end

Construct T,.... , bottom up, based on P
but store in each leaf the points, not just their y-coordinates.

if |P|>1
then do
Pet < {PEP| Py <Xpeq Of P} (* both lists P, and Py, should split *)
Pright < {peP| py>Xmeq Of P}
Ic(v) <« Build 2D Range Tree (P, )
rc(v) « Build 2D Range Tree (P, )
od
min(v) <~ min (P, ); max(v) <« max(P, )
ggssoc(v) <~ IJ;ssoc
return v

T(n) =2 T(n/2) + O(n) = O(n log n) time.

This includes time for pre-sorting.




EpwTtnua o€ 2D EkTaolako AEvipo




2D Range Query

ALGORITHM 2DRangeQuery (v, [X: X]x[y:Yy])

1. if x< min(v) & max(v) <X’

2. then 1DRangeQuery (T coo(V), [y : Y1) T

3. elseif visnotaleaf do

4, if x< max(lc(v))

5. then 2DRangeQuery (lc(v), [X: X]x[y:¥y]) =

6. if min(re(v)) <X’ X
7. then 2DRangeQuery (rc(v), [X: X]x[y:Yy])

8. od

end

» Line 2 called at roots of red canonical sub-trees, a total of O(log n) times.
Each call takes O(K, + log | Toesoc(V) | ) = O(K, + log n) time.

* Lines 5 & 7 called at blue shoulder paths. Total cost O(log n).
 Total Query Time = O(log n + 2 (K, + log n)) = O(2 K, + log? n) = O(K + log? n).

Query Time: O(K +1og?2n) will be improved to O(K + log n) by Fractional Cascading
Construction Time: O(n log n)
Space: O(n log n)




ATTEIKOVION XpOvou EpwTnong
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Higher Dimensional Range Trees

P = { p]_l pz ALY pn } g SRd; pi = (Xil ) Xi2 ) ey Xid ) ) i=1..n.

~ root[7 ]

Primary Level:
BST on the 1st
coordinate

[Ilessoc (V)

(d-1)-dimensional
Range Tree
on coord’s 2..d.




Higher Dimensional Range Trees

d-level data structure




Higher Dimensional Range Trees

Query Time: Qq(n) = O(K + log? n) improved to O(K + log?! n) by Frac. Casc.
Construction Time: T4(n) = O(n log9! n)
Space: S,4(n) = O(n log9t n)

{Td (n) = 2T, (%)"‘Td—l(n) +0(n)

T,(n) =O(nlogn) }:‘Td (n) =0(nlog™" n)

{Sd (n) =25, (3)+S¢(n) +O)

S,(n)=0(nlogn) }:>Sd (n) =0(nlog" " n)

Q. (n) = O(log’ n)

Qu(n)=0logn)+Ollogn)- Qo =1 ‘o ok +log? n)

Q,(n) =O(log’ n)

.
~~

Q,(M=0(K)+Q,(n) |
-




General Sets of Points

What if 2 points have the same coordinate value at some coordinate axis?
0 Composite Numer Space: (lexicographic order)

(a,b) - (a|b)

(alb)<(a’|b’) & a<a’ or(a=a’ & b<b’)

O p=@E«.py) = P =(PxIPy), MOy IP))
R=[x:XIx[y:y] > R'=[(x[-0): (X [+00)]x[(y]-00):(y|+o)]

O peR S peR
SP<X (X | -00) < ((py | Py ) < (X' | +20)
&y<p,<y & (y | -0) < ((py [ Pk ) < (¥ | +)

L Note: no two points in the composite space have the same
value at any coordinate (unless they are identical points).




Fractional Cascading (KAaouatikiy ETTaAAnAia)

IDEA: Save repeated cost of binary search in many sorted lists for the same

range [y : y'] if the list contents for one are a subset of the other.

A cCcA
U Binary search fory in A; to get to A,[i].
U Follow pointer to A, to get to A,[j].

O Now walk to the right in each list.

A 11(3 13 || 15 || 19 || 23 63 || 92

T
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Fractional Cascading

13 |15 |19 || 23 || 26 || 31 || 36

1 |7 113123 |l26 || 36 3 ||5 9 15 ({19 |31 | M

O A CA LA CA,.

1 No binary search in A, and A, is needed.

U Do binary search in A,.

U Follow blue and red pointers from there to A, and A;.

L Now we have the starting point in each sorted list. Walk to the right & report.



Layered 2D Range Tree

fIf;lssoc(V)

P(Ic(v))

Plrev) Pic(v)) < PV)

P(v)

P(rc(v)) < P(v)

T;ISSOC(rC (V))




Layered 2D Range Tree

TR A AR

Associated Structures at
[ J
° the secondary level by
° Fractional Cascading




Layered 2D Range Tree (vy Fractional Cascading)

Query Time:
Q,(n) =O(log n + 2, (K, + log n)) = O(2, K, + log? n) = O(K + log? n)

improves to:
Q,(n) =O(log n + >, (K, + 1)) = O(2, K, + log n) = O(K + log n).

For d-dimensional range tree query time improves to:

Q,(n) =O(K) +Q4(n)
Qq(n) =O(logn) + O(logn)- Q, ,(n) = Q,(n) =O(K+log*™* n)
Q,(n) =O(logn)

N




Priority Search Trees

Q = :':11_- Z:C} X :‘12:’;)2: D.!ﬁfi = {p = |[1"1 y‘t} = D‘ {-'I:]:'.'a_:(} T ymiri}

Df'?'.l?h-l'r = {P - (rz Eﬁj‘ S D‘ {-'I:]:'.'a_:-c} S Y = ymz'ri}

Create a node v and store 1,,,;4 as the node’s key and z,, ., in the node’s additional information field.

T(n) = 2T(n/2) + O(n) = O(nlogn).



